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This section reviews the basic tenets of thermodynamics in application to the phase equilibria. In an open
system such as a solid, that is absorbing gas, the chemical potential of the gaseous component must be
equal in the gas and the solid. This establishes a critical link between the well-known properties of the
gas and the properties (to be computed) of the gaseous component atoms in the solid. The equilibrium
constant that relates the composition in the solid to the pressure of the gas is determined by the nature of the
standard states that are chosen for two phases. These standard states are discussed at length, as they must
be thoroughly understood before one can know how to put thermochemical and computational information
together to determine the equilibrium constant.

1 Essential Thermodynamic Equations

It will be beneficial to review thermodynamics so as to provide a single source for the essential equations that
are required to analyze the thermodynamics of mixtures. The presentation will be brief and is not meant to
be more than a compilation of reference equations. However, the aim is to provide enough descriptive text
so that the equations are understandable. The general approach is taken from the monograph of Kirkwood
& Oppenheim [1].

The combined statements of the first and second laws of thermodynamics for an open system that can do no
work other than the work of expansion, and which is dominated by bulk phases that have negligible surface
area is given by

dE =TdS —pDV + Y _ pidn; (1)

The symbols have their usual meaning, namely:

T = absolute temperature

S = entropy
P = pressure
V =volume

n; = number of moles of component i

oF . : . ;
Ly = <8 ) is the chemical potential of component i, n \ n; means the set of all n;, except for n;
g S, V,n\n;

[1] JG Kirkwood and | Oppenheim, Chemical Thermodynamics, (McGraw-Hill, 1961).
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An intensive variable is independent of the mass of the system. These are T, P, and ;. Extensive variables
are proportional to the mass of the system - E, S, V, and n;.

Equation can be integrated holding the intensive variables fixed, to get

E=TS8—PV+>  pdn; )

where the integration constant is seen to be zero because an empty system has no energy, volume, entropy,
or mass. Now, Eq. (2) has been derived for a particular temperature, pressure, and set of chemical potentials.
However, we are free to consider arbitrary changes in the state of the system once we have this equation, as
nothing special was assumed about the values of the intensive variables, i.e., the equation must hold for all
values of those variables. Thus

dE =TdS — PdV — VAP + Y pdn; Y nidp; 3)

but Eq. (1) still holds, and on substituting it for dE and canceling terms, one gets

SdT —VdP + > Nidp; =0 (4)

which is sometimes known as Gibbs’s [2] equation, but is most often called the Gibbs-Duhem equation. This
deceptively simple equation is critically important for understanding phase equilibria and mixture thermody-
namics.

It is usual to define auxiliary thermodynamic functions for convenience. The enthalpy is H=E+PV, the
Helmholtz free energy is A=E-TS, and the Gibbs free energy G is

G=E+PV-TS=H-TS=> pmn; (5)

where use is made of eq. (2) to provide the right-most member.

From the definition G=E+pV-TS one computes the differential

dG =dE + PdV +VdP —TdS — 5dT (6)

and substitution from eq for dE gives

dG = VdP — SdT + Y pidn; 7)

These equations seem to chase their own tails, but they are all slightly different and all true.

Each of these differentials is understood to provide relations between derivatives of the functions on the left
by the variables on the right. From Eq. (7) for example, one sees that G = G(p, T, n1,n2,...) = G(P,T,n),
meaning that the Gibbs free energy is most naturally considered to be a function of the indicated variables.
When viewed this way, it follows that

"= anl P, T,n\n; a op T,n B or Pn ( )
since for any function F'(z,y, ...) the differential is dF' = (ZF> dx + (8F> dy + ...
€ Y

[2] JW Gibbs, The Collected Works of J. Willard Gibbs, (Yale University Press, 1957).
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Furthermore, the second derivatives of a function of several variables are independent of the order of differ-
entiation, which establishes the Euler-Maxwell relations

8ui o ov
opr T,n_ anl P, T,n\n;

6ui o oS
or P,n_ anl P, T,n\n;

that are of great use in treating mixtures. The derivatives on the right, those concerning the number of
moles of substance, define the partial molar volume and partial molar entropy, denoted by the over-bar. The
chemical potential in Eqg. (8) is seen to be the partial molar Gibbs free energy. For a pure substance, X=n X,
where X is an extensive variable, so that the partial molar X for a pure substance is identically the same as
the molar X.

[
=
©

Si (10)

2 Thermodynamics of Non-ideal Gases

The equation of state for an ideal gas is

_ NkpT

|4
P

(11)

in molecular units. For a pure non-ideal gas, it is customary to add terms in powers of pressure to the hand
side, so that

— RT
V="p5+ By(T)P + B3(T)P? + ... (12)

where we’ve switched to molar units. Eq. (7) for constant T and n is just

dG = dp = VdP (13)
per mole of pure gas. Add and subtract RT dP/P n the right-hand side of Eq. (13) to get

dp = (V— Rjg) dP + RTdInP

and integrate between two states, the lower labeled by * and the upper arbitrary, to get

P
1(P) — p(P* = / <v Jf) dP + RTlng (14)

Since p always appears as a ratio under the logarithm, the units are immaterial. However, in the next step,
the log of the ratio is pulled apart, seemingly creating dimensions. This is only apparent, and one must keep
in mind Eq. (14) with its ratio of pressures.

We are now positioned to define the standard state for the gas. In asserting Eq. (12) all gases become ideal
when sufficiently dilute. Rearrange the equation and take the limit as p* goes to zero to first obtain

p*
— RT
w(T, P) = [u(T, P*) — RTInP*| + RTlnP/ V- ?dP (15)
P
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and then

P/ _  RT
w(T, P) = u(T) + RTInP +/ (V — P) dP (16)
0
in the limit, where now
p’(T) = lim (u(T,P") = RTInP") (17)
*—0

The temperature dependence of the chemical potential, previously omitted from consideration on suppression
of the SdT term, is reinstated in the definition of chemical potential as a reminder that this quantity is a function
of temperature in general.

Note: Note that the standard state chemical potential of the gas is a function of T alone, and is not a real
state but is instead a measure of the intrinsic chemical properties of the gas apart from the equation of state
properties. However, a gas at very low pressure (such as 1 Pa), is a good approximation of this standard
state in most cases The standard state chemical potential of the gas, 1°(T'), is precisely what one calculates
in the usual isolated molecule (gas phase) quantum statistics calculation of the free energy.

In anticipation of the chapter on chemical equilibrium, it is noted here that chemists like to keep the remaining
integral in Eq. (6) under the logarithm. The fugacity, f, is therefore defined such that

r—
1nf:1nP+/ <]:T]13> (18)
0

and

w(T, P) = p°(T) + RT In f (19)

for all pressures. The fugacity coefficient ¢, defined by f = pP, is just

P =

1% 1

b =exp — — —=dP (20)
<0 RT P )

Substitution of the virial equation, Eq. (12) , into Eq. (20) allows one to write this as a power series in
the pressure. However, the virial coefficients, the B;(T"), must be determined by experiment or statistical
mechanics; they are not calculable from thermodynamics alone.

It should be apparent that there is a straightforward part of thermodynamics, the PdV part and the entwined
equation of state, V(P, T), that can be handled explicitly. The other part, the TdS term is more difficult.
However, there is a piece of the entropy that we can get at this stage. Eq. (10) shows us that —S5 =

aT
for the ideal gas one gets the simple equation

- < M) for a pure substance. This is messy if we are going to differentiate equations (19) and (20), but
P

Sideal(T, P) = §°(T) — Rln P (21)

showing that the In P term is contributed by the entropy, not the enthalpy.

v. 3.0 Copyright © 2019 Materials Design, Inc., All rights reserved. 40f8
Materials Design® and MedeA® are registered trademarks of Materials Design, Inc.
12121 Scripps Summit Dr., Ste 140 San Diego, CA 92131



MedeA Documentation

3 Thermodynamics of Ideal Solutions

A discussion of solutions, including phase equilibria, begins with Gibbs’s equation [our Eq. (4)]. For a multi-
component mixture at constant T and P, one has simply

> nidp; =0 (22)

Divide this equation by the total number of moles of substances that comprise the mixture, n = > n; and
define the mole fraction of component i as z;, so that 1 = > % = 3" x;, and therefore

0= dz, (23)

Now Eq. (22) can be written

Zmidui =0 (24)

What is the simplest assumption that one can make for dm; such that this equation is satisfied? The answer

dz; . :
is provided by Eq. (23); simply put du; = A (x , Where A is any constant. It follows that the simplest
€T

3
solution to the Gibbs-Duhem equation is provided by chemical potentials of the form

pi = pf + Alnw; (25)

This equation must be true for gases as well as for liquids and solids. That is sufficient to establish that
A= RT.

The i term is an integration constant, which must be allowed to be a function of any variables
not explicitly integrated. For a gas mixture, the pressure is implicit in this term. To expose this
dependence one asserts Dalton’s law of partial pressure, p; = X;p, so that Eq. (25) becomes
wi = 1 + RT Inx;, p. This is perfectly consistent with Eq. (17) for a pure ideal gas, i.e., x; = 1,
and is also consistent with Eq (25). This establishes the value of the constant A for gases, and in
anticipation of equating chemical potentials for substances at equilibrium in different phases, the
constant is RT for all phases.

This simple law is to mixtures what the ideal gas law is to gases, and it defines an “ideal mixture” as one with

pideat = 19 + RTIna; (26)

When this equation is inserted into the right-hand side of equation we get, after a little rearrangement,

AGi]‘\r/lIeal _ an (Mz — M?) = RTZ”Z In ZT; (27)

which is the change in Gibbs free energy on forming an ideal mixture from the specified number of moles
of pure components. Since the right-hand side is directly proportional to T, it follows that the free energy
change is entirely entropic. There is no heat of mixing for an ideal solution, nor is there a volume change
(since the right-hand side of Eq. (27) is independent of pressure). To include these effects, one needs to
study non-ideal mixtures.
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4 Thermodynamics of Non-ideal Solutions

If a mixture of interest is non-ideal (which can only be decided by experiment or a statistical mechanical
calculation), a modification of Eq. (26) that adheres to the “preservation of logarithmic function” principle
asserts that the mole fraction be transformed to “activity,” so that

wi = + RT Ina; (28)

where the activity of component i, a;, is a function of composition as well as T and p, in general. In applying
Eqg. (28) to condensed phases, both liquids, and solids, one needs a convention for the standard state. For
mixtures that might span the entire range of compositions, it is convenient to choose the pure substances as
standard states, so that

lim % =1 and pd = lim p; (29)
Ii—>1

17—>l xi

On the other hand, if the mixtures are always relatively dilute in at least one component, the k™, the standard
state for this component is most conveniently chosen to be the infinitely dilute state, so that

lim “E =1 and = Jim [, — RT I (30)

It is unfortunate that the same symbol is used for these two different standard states, as it is a trap for the
unwary when consulting tabulated thermochemical data. In any event, Eq. (28) is the standard state that
one wants to use to describe the solubility of a sparingly soluble gas in a metal, as will be shown in Section
Equation of Chemical Equilibrium.

For a non-ideal mixture, one may write the analog of Eq. (28) here as

AGy = an‘(ﬂi — 1) = RTZ"i Ina; (31)

This form is preferred if there is only experimental and no theoretical knowledge about the system. However,
if the departures from the ideality are relatively small, it is common to retain the ideal entropy of mixing and
simply add in corrections for the enthalpy of mixing and possibly also an “excess” entropy of mixing. To keep
the mathematics simple, restrict attention to a binary mixture. A first approximation to non-ideality may be
written

AGpy = RT [n1Inxy + nolnxzg + Bnyas] (32)

nin2
ny + no

which supposes that the mixture thermodynamics is symmetric, since njx, =

Here B might be taken to be a (dimensionless) constant; alternatively, it may be expressed as a power series
in the composition with coefficients that depend on T and p, in the same spirit as the non-ideal gas. Assuming
the former behavior to keep this discussion simple, the chemical potential that is derived from Eq. (31) by
differentiation is

ony T, Py

Eqg. (4) can be used to show that departure from ideality can only enter as the square or higher power of the
concentration, when pure components are the standard states. The result in Eq. (33) is thus quite general
when the Bz3 term is seen as the first term in a power series for the chemical potential. Note that it is a
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power series in the mole fraction of the other component; it has to be this way so that the added terms go to
zero as the mole fraction of the other components vanishes and component 1 becomes pure.

The behavior of the chemical potential when the dilute limit is chosen for the standard state can be much
more complicated. Now one wants to write departures from ideality for the dilute solute, component 2 for this
discussion, as

2 = p + RT Inz,|Cal

where ais any positive power. This choice is made because we want the non-ideal terms to go to zero as the
mole fraction of this component goes to zero. For this choice of standard state, it is not difficult to see that
eq is almost powerless in constraining the form of the departures from ideality. A case in point is provided
by Debye-Huckel theory of electrolytes, for which a = 1/2. The flexibility in the functional form of departures
from ideality for this choice of standard state has great consequences for gas solubility, as we will see.

In summary, the choice of standard states has a profound effect on the allowed expressions for the free
energy of non-ideal mixtures. For the problem at hand one wants to choose the pure metal, or possibly a
pure compound M, Y}, as the standard state for the solid, and the infinitely dilute absorbed atom (H, O, C
...) as the standard state for the second component.

5 Equation of Chemical Equilibrium

A very brief recapitulation of the equations of chemical equilibrium is to clarify some issues of units, where
to apply non-ideality corrections, and so on. One begins by associating the components of a mixture with a
chemical reaction

aA+bB = cC+dD (34)

This can be written formally in a manner that is more suitable for thermodynamic analysis as

> A =0 (35)

where the stoichiometric coefficients, v, are positive for products and negative for reactants. The Gibbs free
energy of the mixture, regardless of the reaction, is just

G = anﬂk (36)

Suppose now that the system suffers a virtual displacement resulting from the reaction proceeding (virtually,
either to the right or to the left). Since dGr p = ), urdns at constant T and p from Eq. (7), and since the
change in the amounts of the substances are related by the chemical Eq. (35) as expressed by dny = vidA,
one can relate the general change in free energy to the reaction. The progress variable A may have either
sign, positive for the reaction to the right and negative for the reaction to the left. In any case,

dGr.p =Y pedng =Y viprdA = AG,d) (37)

where the free energy change for the reaction, AG,.., is defined by the sum of the chemical potentials with
given stoichiometric coefficients, positive for products and negative for reactants. Now, if the system is at
equilibrium, any virtual displacement away from equilibrium must increase the free energy (as is established
by thermodynamic conditions for stability that are not considered in this report, but which may be found in the
references [3]). That is, at equilibrium the free energy is at a minimum with respect to the progress variable,
so that

[3] JG Kirkwood and | Oppenheim, Chemical Thermodynamics, (McGraw-Hill, 1961).JW Gibbs, The Collected Works of J. Willard Gibbs,
1957.
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AG,, =0 (38)

Now we can proceed rapidly. Use equation (28) for the chemical potential of any component, to write

AGre =0="> gk => v (4 + RTIna) = RTIn [ ] a}* (39)
or
H a;* = exp T (40)
with
AGY, = ek’ = AHJ, — TASY, (41)

For gaseous components, replace the corresponding activity by fugacity. This is the extremely important
mass action principle of chemistry. Note that the equation is dimensionless.

Itis possible to define mass action ratios with dimensions, but compensating standard state terms
must appear on the right of Eq. (40) to make the units balance. Specific examples should be
worked through in detail, paying close attention to the definition of standard states, if there is any
dimensional ambiguity.

The thermodynamics is left in this general form at this point, but the equations will be specialized to gas sol-
ubility problems later in the report. The equations above apply to any thermodynamic problem that conforms
to the restrictions of the second paragraph of Section Essential Thermodynamic Equations, that is the only
work is the work of expansion against an isotropic pressure.

The last topic for this section is the use of tabulated data to compute §G2,. Now that we understand standard
states for gases, pure substances, and infinitely dilute solutions, it should be apparent that the data that is
tabulated for heats of formation, third law entropies, and free energy functions can be assembled with the
use of Eq. (41) to find the free energy at any temperature that is encompassed by the tabulation. Free
energies of formation are normally tabulated, for which the substance in its standard state is produced from
the elements in their standard states. But for free energies of formation the temperature is referenced to 25
degC, and at this temperature the free energies of formation as well as the heats of formation of the elements
in their standard states are zero. However, one will see third law entropies for the elements that are not
zero in the standard state, so one must exercise care in combining free energies, enthalpies, and entropies
of reactions to be certain that reference states, standard states, and arbitrarily chosen zeros of energy are
treated consistently.
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